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Abstract
In this paper, we introduce a one-parameter family of Legendre curves in the unit spherical bundle over the unit
sphere and the curvature. We give the existence and uniqueness theorems for one-parameter families of spherical
Legendre curves by using the curvatures. Then we define an envelope for the one-parameter family of Legendre
curves in the unit spherical bundle. We also consider the parallel curves and evolutes of one-parameter families
of Legendre curves in the unit spherical bundle and their envelopes. Moreover, we give relationships among
one-parameter families of Legendre curves in the unit spherical bundle over the unit sphere and one-parameter
families of Legendre curves in the unit tangent bundle over the Euclidean plane.
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1. Introduction
An envelope of a family of curves in the Euclidean plane is a curve that is tangent to each member of the
family at some point. If the curves are regular, then the tangent is well-defined (cf. [3, 4, 5, 6, 9]). On the other
hand, for singular plane curves, the classical definitions of envelopes are vague. In [11], the third author clarified
the definition of the envelope for a family of singular curves in the unit tangent bundle over the Euclidean plane.
This idea can be generalized to an envelope of a family of singular spherical curves. In [10], the third author
gave a definition of Legendre curves in the unit spherical bundle, and established a moving frame of spherical
Legendre curves. However, to the best of the authors knowledge, no literature exists regarding the envelope of
a family of singular curves in the unit sphere. In this paper, we use these approach and techniques to give the
definition and investigate properties of envelopes for families of Legendre curves in the unit spherical bundle
over the unit sphere. For basic results on the singularity theory see [1, 2, 4, 7, 8].
In section 2, we consider one-parameter families of Legendre curves in the unit spherical bundle and the
curvatures. We give the existence and uniqueness theorems for one-parameter families of Legendre curves by
using the curvatures. In section 3, we define an envelope of a one-parameter family of Legendre curves in the unit
spherical bundle. We obtained that the envelope is also a Legendre curve. The envelope of the dual is the dual
of the envelope of the one-parameter family of Legendre curves. We also give the definitions of parallel curves
and evolutes of one-parameter families of Legendre curves in the unit sphere bundle. We found that the parallel
curves and evolutes are also one-parameter families of Legendre curves in the unit sphere bundle, the evolutes
if exists. Then we consider the envelopes of the parallel curves and evolutes. The envelope of parallel curves of
a one-parameter family of Legendre curves is equal to the parallel curve of the envelope of the one-parameter
family of Legendre curves. Under a condition, the envelope of the evolute of a one-parameter family of Legendre
curves is equal to the evolute of the envelope of the one-parameter family of Legendre curves. In section 4, we
give relationships among one-parameter families of Legendre curves in the unit spherical bundle over the unit
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sphere and one-parameter families of Legendre curves in the unit tangent bundle over the Euclidean plane. In
the last section 5, we give two examples and some pictures to illustrate our results.
All maps and manifolds considered here are differential of class C∞.
2. Legendre curves in the unit spherical bundle over the unit sphere
We first recall some definitions and theorems of Legendre curves in the unit spherical bundle over the unit
sphere. For more detailed descriptions see [10].
Let R3 be the 3-dimensional Euclidean space equipped with the inner product a · b = a1b1 + a2b2 + a3b3,
where a = (a1, a2, a3) and b = (b1, b2, b3) ∈ R3. The vector product is given by
a× b =
∣∣∣∣∣∣
e1 e2 e3
a1 a2 a3
b1 b2 b3
∣∣∣∣∣∣ ,
where e1, e2, e3 are the canonical basis on R3. Let S2 = {(x, y, z) ∈ R3 | x2 + y2 + z2 = 1} be the unit sphere.
We denote the set {(a, b) ∈ S2 × S2 | a · b = 0} by ∆ (cf. [10]). Then ∆ is a 3-dimensional smooth manifold.
We say that (γ, ν) : I → ∆ ⊂ S2×S2 is a Legendre curve (or, spherical Legendre curve) if γ˙(t) · ν(t) = 0 for
all t ∈ I, that is, (γ, ν) is an integrable curve with respect to the canonical contact 1-form on ∆. We call γ a
frontal and ν a dual of γ. Moreover, if (γ, ν) is a Legendre immersion, we call γ a front.
We define µ(t) = γ(t) × ν(t). By definition, µ(t) ∈ S2, γ(t) · µ(t) = 0 and ν(t) · µ(t) = 0 for all t ∈ I. It
follows that {γ(t), ν(t),µ(t)} is a moving frame along the frontal γ(t).
Let (γ, ν) : I → ∆ be a Legendre curve. We have the Frenet type formula. γ˙(t)ν˙(t)
µ˙(t)
 =
 0 0 m(t)0 0 n(t)
−m(t) −n(t) 0
 γ(t)ν(t)
µ(t)
 ,
where m(t) = γ˙(t) · µ(t) and n(t) = ν˙(t) · µ(t).
We say that the pair of the functions (m,n) is the curvature of the Legendre curve (γ, ν) : I → ∆.
Definition 2.1. Let (γ, ν), (γ˜, ν˜) : I → ∆ be Legendre curves. We say that (γ, ν) and (γ˜, ν˜) are congruent as
Legendre curves if there exists a special orthogonal matrix A ∈ SO(3) such that γ˜(t) = A(γ(t)), ν˜(t) = A(ν(t))
for all t ∈ I.
Then we have the following existence and uniqueness theorems in terms of the curvature of the Legendre
curve [10].
Theorem 2.2 (The Existence Theorem of spherical Legendre curves). Let (m,n) : I → R × R be a smooth
mapping. There exists a Legendre curve (γ, ν) : I → ∆, whose associated curvature is (m,n).
Theorem 2.3 (The Uniqueness Theorem of spherical Legendre curves). Let (γ, ν) and (γ˜, ν˜) : I → ∆
be Legendre curves whose curvatures (m,n) and (m˜, n˜), respectively. Then (γ, ν) and (γ˜, ν˜) are congruent
as Legendre curves if and only if (m,n) and (m˜, n˜) coincides.
We consider one-parameter families of Legendre curves in the unit spherical bundle ∆ ⊂ S2×S2. Let I and
Λ be intervals of R.
Definition 2.4. Let (γ, ν) : I × Λ→ ∆ be a smooth mapping. We say that (γ, ν) is a one-parameter family of
spherical Legendre curves if γt(t, λ) · ν(t, λ) = 0 for all (t, λ) ∈ I × Λ.
By definition, (γ(·, λ), ν(·, λ)) : I → ∆ is a Legendre curve for each fixed parameter λ ∈ Λ.
We define µ(t, λ) = γ(t, λ)×ν(t, λ). Then {γ(t, λ), ν(t, λ),µ(t, λ)} is a moving frame along the frontal γ(t, λ)
on S2. We have the Frenet type formula. γt(t, λ)νt(t, λ)
µt(t, λ)
 =
 0 0 m(t, λ)0 0 n(t, λ)
−m(t, λ) −n(t, λ) 0
 γ(t, λ)ν(t, λ)
µ(t, λ)
 ,
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 γλ(t, λ)νλ(t, λ)
µλ(t, λ)
 =
 0 L(t, λ) M(t, λ)−L(t, λ) 0 N(t, λ)
−M(t, λ) −N(t, λ) 0
 γ(t, λ)ν(t, λ)
µ(t, λ)
 ,
where
m(t, λ) = γt(t, λ) · µ(t, λ), n(t, λ) = νt(t, λ) · µ(t, λ),
L(t, λ) = γλ(t, λ) · ν(t, λ), M(t, λ) = γλ(t, λ) · µ(t, λ), N(t, λ) = νλ(t, λ) · µ(t, λ).
We denote the matrices
A(t, λ) =
 0 0 m(t, λ)0 0 n(t, λ)
−m(t, λ) −n(t, λ) 0
, B(t, λ) =
 0 L(t, λ) M(t, λ)−L(t, λ) 0 N(t, λ)
−M(t, λ) −N(t, λ) 0
.
By γtλ(t, λ) = γλt(t, λ), νtλ(t, λ) = νλt(t, λ) and µtλ(t, λ) = µλt(t, λ), we have the integrability condition
Aλ(t, λ) +A(t, λ)B(t, λ) = Bt(t, λ) +B(t, λ)A(t, λ), that is,
Lt(t, λ) = M(t, λ)n(t, λ)−N(t, λ)m(t, λ),
mλ(t, λ) = Mt(t, λ) + L(t, λ)n(t, λ),
nλ(t, λ) = Nt(t, λ)− L(t, λ)m(t, λ)
(2.1)
for all (t, λ) ∈ I × Λ. We call the tuple (m,n,L,M,N) with the integrability condition (2.1) the curvature of
the one-parameter family of Legendre curves.
Remark 2.5. Let (γ, ν) : I × Λ → ∆ be a one-parameter family of Legendre curves with the curvature
(m,n,L,M,N). Then it is easy to check that (γ,−ν), (−γ, ν) and (ν, γ) are also one-parameter family of
Legendre curves. The curvatures are (−m,n,−L,−M,N), (m,−n,−L,M,−N) and (−n,−m,−L,−N,−M)
respectively.
Definition 2.6. Let (γ, ν) and (γ˜, ν˜) : I × Λ→ ∆ be one-parameter families of Legendre curves. We say that
(γ, ν) and (γ˜, ν˜) are congruent as one-parameter families of Legendre curves if there exists a special orthogonal
matrix A ∈ SO(3) such that γ˜(t, λ) = A(γ(t, λ)) and ν˜(t, λ) = A(ν(t, λ)) for all (t, λ) ∈ I × Λ.
Then we have the following existence and uniqueness theorems for one-parameter families of Legendre curves.
Theorem 2.7 (The Existence Theorem for one-parameter families of spherical Legendre curves). Let
(m,n,L,M,N) : I×Λ→ R5 be a smooth mapping with the integrability condition. There exists a one-parameter
family of Legendre curves (γ, ν) : I × Λ→ ∆, whose associated curvature is (m,n,L,M,N).
Proof. Choose any fixed value t = t0, λ = λ0 of the parameter. We consider an initial value problem,
Ft(t, λ) = A(t, λ)F (t, λ), Fλ(t, λ) = B(t, λ)F (t, λ), F (t0, λ0) = I3,
where F (t, λ) ∈ M(3), A(t, λ), B(t, λ) as the above, M(3) is the set of 3 × 3 matrices and I3 is the identity
matrix. Then we consider
Ftλ = AλF +AFλ = AλF +ABF = (Aλ +AB)F, Fλt = BtF +BFt = BtF +BAF = (Bt +BA)F.
By the integrability condition Aλ +AB = Bt +BA, we have Ftλ = Fλt. Since I ×Λ is simply connected, there
exists a solution F (t, λ). Therefore, there exists a one-parameter family of Legendre curves (γ, ν) : I × Λ→ ∆
whose associated curvature is (m,n,L,M,N).
Lemma 2.8. Let (γ, ν) and (γ˜, ν˜) : I × Λ → ∆ be one-parameter families of Legendre curves having equal
curvature, that is, (m(t, λ), n(t, λ), L(t, λ),M(t, λ), N(t, λ)) = (m˜(t, λ), n˜(t, λ), L˜(t, λ), M˜(t, λ), N˜(t, λ)) for all
(t, λ) ∈ I ×Λ. If there exist two parameters t = t0, λ = λ0 for which (γ(t0, λ0), ν(t0, λ0)) = (γ˜(t0, λ0), ν˜(t0, λ0)),
then (γ, ν) and (γ˜, ν˜) coincides.
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Proof. Define a smooth function f : I × Λ→ R by
f(t, λ) = γ(t, λ) · γ˜(t, λ) + ν(t, λ) · ν˜(t, λ) + µ(t, λ) · µ˜(t, λ).
Since
(m(t, λ), n(t, λ), L(t, λ),M(t, λ), N(t, λ)) = (m˜(t, λ), n˜(t, λ), L˜(t, λ), M˜(t, λ), N˜(t, λ)),
we have
ft(t, λ) =
(
γt · γ˜ + γ · γ˜t + νt · ν˜ + ν · ν˜t + µt · µ˜+ µ · µ˜t
)
(t, λ)
=
(
(mµ) · γ˜ + γ · (m˜µ˜) + (nµ) · ν˜ + ν · (n˜µ˜) + (−mγ − nν) · µ˜+ µ · (−m˜γ˜ − n˜ν˜))(t, λ)
=
(
(m− m˜)µ · γ˜ + (m˜−m)γ · µ˜+ (n− n˜)µ · ν˜ + (n˜− n)ν · µ˜)(t, λ)
=0,
fλ(t, λ) =
(
γλ · γ˜ + γ · γ˜λ + νλ · ν˜ + ν · ν˜λ + µλ · µ˜+ µ · µ˜λ
)
(t, λ)
=
(
(Lν +Mµ) · γ˜ + γ · (L˜ν˜ + M˜ µ˜) + (−Lγ +Nµ) · ν˜ + ν · (−L˜γ˜ + N˜ µ˜)
+ (−Mγ −Nν) · µ˜+ µ · (−M˜γ˜ − N˜ ν˜))(t, λ)
=
(
(L− L˜)ν · γ˜ + (L˜− L)γ · ν˜ + (M − M˜)µ · γ˜ + (M˜ −M)γ · µ˜+ (N − N˜)µ · ν˜ + (N˜ −N)ν · µ˜)(t, λ)
=0
for all (t, λ) ∈ I × Λ. It follows that f is constant. By γ(t0, λ0) = γ˜(t0, λ0) and ν(t0, λ0) = ν˜(t0, λ0), we have
f(t0, λ0) = 3 and the function f is constant with value 3. By the Cauchy-Schwarz inequality, we have
γ(t, λ) · γ˜(t, λ) 6 |γ(t, λ)||γ˜(t, λ)| = 1,
ν(t, λ) · ν˜(t, λ) 6 |ν(t, λ)||ν˜(t, λ)| = 1,
µ(t, λ) · µ˜(t, λ) 6 |µ(t, λ)||µ˜(t, λ)| = 1.
If one of these inequalities is strict, the value of f(t, λ) would be less than 3. It follows that these inequalities
are equalities, and we have γ(t, λ) · γ˜(t, λ) = 1, ν(t, λ) · ν˜(t, λ) = 1, µ(t, λ) · µ˜(t, λ) = 1 for all (t, λ) ∈ I × Λ.
Then we have |γ(t, λ)− γ˜(t, λ)|2 = |ν(t, λ)− ν˜(t, λ)|2 = |µ(t, λ)− µ˜(t, λ)|2 = 0. It follows that
γ(t, λ) = γ˜(t, λ), ν(t, λ) = ν˜(t, λ), µ(t, λ) = µ˜(t, λ) for all (t, λ) ∈ I × Λ.
Theorem 2.9 (The Uniqueness Theorem for one-parameter families of Legendre curves). Let (γ, ν) and
(γ˜, ν˜) : I × Λ → ∆ be one-parameter families of Legendre curves with the curvatures (m,n,L,M,N) and
(m˜, n˜, L˜, M˜ , N˜) respectively. Then (γ, ν) and (γ˜, ν˜) are congruent as one-parameter family of Legendre curves
if and only if (m,n,L,M,N) and (m˜, n˜, L˜, M˜ , N˜) coincide.
Proof. Suppose that (γ, ν) and (γ˜, ν˜) are congruent as one-parameter families of Legendre curves. By a direct
calculation, we have
γ˜t(t, λ) =
∂
∂t
(A(γ(t, λ))) = A(γt(t, λ)) = m(t, λ)A(µ(t, λ)) = m(t, λ)µ˜(t, λ),
ν˜t(t, λ) =
∂
∂t
(A(ν(t, λ))) = A(νt(t, λ)) = n(t, λ)A(µ(t, λ)) = n(t, λ)µ˜(t, λ),
γ˜λ(t, λ) =
∂
∂λ
(A(γ(t, λ))) = A(γλ(t, λ)) = L(t, λ)A(ν(t, λ)) +M(t, λ)A(µ(t, λ))
= L(t, λ)ν˜(t, λ) +M(t, λ)µ˜(t, λ),
ν˜λ(t, λ) =
∂
∂λ
(A(ν(t, λ))) = A(νλ(t, λ)) = −L(t, λ)A(γ(t, λ)) +N(t, λ)A(µ(t, λ))
= −L(t, λ)γ˜(t, λ) +N(t, λ)µ˜(t, λ).
Therefore, the curvatures (m,n,L,M,N) and (m˜, n˜, L˜, M˜ , N˜) coincide.
Conversely, suppose that (m,n,L,M,N) and (m˜, n˜, L˜, M˜ , N˜) coincide. Let (t0, λ0) ∈ I × Λ be fixed. By
using a congruence as one-parameter family of Legendre curves, we may assume γ(t0, λ0) = γ˜(t0, λ0) and
ν(t0, λ0) = ν˜(t0, λ0). By Lemma 2.8, we have γ(t, λ) = γ˜(t, λ) and ν(t, λ) = ν˜(t, λ) for all (t, λ) ∈ I × Λ.
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3. Envelopes of one-parameter families of Legendre curves in the unit spherical bundle
Let (γ, ν) : I × Λ → ∆ be a one-parameter family of Legendre curves with the curvature (m,n,L,M,N)
and let e : U → I × Λ, e(u) = (t(u), λ(u)) be a smooth curve, where U is an interval of R. We denote
Eγ = γ ◦ e : U → S2, Eγ(u) = γ ◦ e(u) and Eν = ν ◦ e : U → S2, Eν(u) = ν ◦ e(u).
Definition 3.1. We call Eγ an envelope (and e a pre-envelope) for the one-parameter family of Legendre curves
(γ, ν), when the following conditions are satisfied.
(i) The function λ is non-constant on any non-trivial subinterval of U . (The Variability Condition.)
(ii) For all u, the curve Eγ is tangent at u to the curve γ(t, λ) at the parameter (t(u), λ(u)), meaning that
the tangent vectors E′γ(u) = (dE/du)(u) and µ(t(u), λ(u)) are linearly dependent. (The Tangency Condition.)
Note that the tangency condition is equivalent to the condition E′γ(u) · ν(t(u), λ(u)) = E′γ(u) ·Eν(u) = 0 for
all u ∈ U . Therefore we have the following Proposition.
Proposition 3.2. Let (γ, ν) : I × Λ → ∆ be a one-parameter family of Legendre curves with the curvature
(m,n,L,M,N). Suppose that e : U → I × Λ, e(u) = (t(u), λ(u)) is a pre-envelope and Eγ = γ ◦ e : U → S2
is an envelope of (γ, ν). Then Eγ is a frontal. More precisely, (Eγ , Eν) : U → ∆ is a Legendre curve with the
curvature
mEγ (u) = t
′(u)m(e(u)) + λ′(u)M(e(u)), nEγ (u) = t
′(u)n(e(u)) + λ′(u)N(e(u)).
Proof. By definition, Eγ(u) · Eν(u) = γ(e(u)) · ν(e(u)) = 0 for all u ∈ U . Since Eγ is an envelope,
E′γ(u) · Eν(u) = 0 for all u ∈ U . It follows that (Eγ , Eν) : U → ∆ is a Legendre curve. Then
mEγ(u) = E
′
γ(u) · µ(e(u)) = (t′(u)γt(e(u)) + λ′(u)γλ(e(u))) · µ(e(u)) = t′(u)m(e(u)) + λ′(u)M(e(u)),
nEγ(u) = E
′
ν(u) · µ(e(u)) = (t′(u)νt(e(u)) + λ′(u)νλ(e(u))) · µ(e(u)) = t′(u)n(e(u)) + λ′(u)N(e(u)).
By Proposition 3.2, the envelope of the dual is the dual of the envelope of the one-parameter family of
Legendre curves. We have the envelope theorem as follows:
Theorem 3.3. Let (γ, ν) : I × Λ→ ∆ be a one-parameter family of Legendre curves and let e : U → I × Λ be
a smooth curve satisfying the variability condition. Then e is a pre-envelope of (γ, ν) (and Eγ is an envelope)
if and only if γλ(e(u)) · ν(e(u)) = 0 for all u ∈ U .
Proof. Suppose that e is a pre-envelope of (γ, ν). By the tangency condition, there exists a function c(u) ∈ R
such that E′γ(u) = c(u)µ(e(u)). By differentiating Eγ(u) = γ ◦ e(u), we have
E′γ(u) = t
′(u)γt(e(u)) + λ′(u)γλ(e(u)).
It follows from γt(t, λ) = m(t, λ)µ(t, λ) that (t
′(u)m(e(u)) − c(u))µ(e(u)) + λ′(u)γλ(e(u)) = 0. Then we have
λ′(u)γλ(e(u)) · ν(e(u)) = 0. By the variability condition, we have γλ(e(u)) · ν(e(u)) = 0 for all u ∈ U .
Conversely, suppose that γλ(e(u)) · ν(e(u)) = 0 for all u ∈ U . Since
E′γ(u) · ν(e(u)) = (t′(u)γt(e(u)) + λ′(u)γλ(e(u))) · ν(e(u)) = 0,
e is a pre-envelope of (γ, ν).
By using the curvature of the one-parameter family of Legendre curves, we have the corollary of Theorem
3.3.
Corollary 3.4. Let (γ, ν) : I × Λ → ∆ be a one-parameter family of Legendre curves with the curvature
(m,n,L,M,N) and let e : U → I×Λ be a smooth curve satisfying the variability condition. Then e : U → I×Λ
is a pre-envelope of (γ, ν) (and Eγ is an envelope) if and only if L(e(u)) = 0 for all u ∈ U .
Proposition 3.5. Let (γ, ν) : I × Λ → ∆ be a one-parameter family of Legendre curves. Suppose that
e : U → I × Λ is a pre-envelope and Eγ is an envelope of (γ, ν). Then e : U → I × Λ is also a pre-envelope of
(−γ, ν), (γ,−ν) and (ν, γ). Moreover, −Eγ is an envelope of (−γ, ν), Eγ is an envelope of (γ,−ν) and Eν is
an envelope of (ν, γ).
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Proof. Since e : U → I × Λ is a pre-envelope, we have γλ(e(u)) · ν(e(u)) = 0 for all u ∈ U . It follows that
−γλ(e(u)) · ν(e(u)) = 0, γλ(e(u)) · (−ν(e(u))) = 0 and νλ(e(u)) · γ(e(u)) = 0 for all u ∈ U . Thus e : U → I × Λ
is also a pre-envelope of (−γ, ν), (γ,−ν) and (ν, γ). It follows that −Eγ = −γ ◦ e, Eγ = γ ◦ e and Eν = ν ◦ e
are envelopes of (−γ, ν), (γ,−ν) and (ν, γ) respectively.
Definition 3.6. We say that a map Φ : I˜ × Λ˜→ I × Λ is a one-parameter family of parameter change if Φ is
a diffeomorphism and given by the form Φ(s, k) = (φ(s, k), ϕ(k)).
Proposition 3.7. Let (γ, ν) : I × Λ → ∆ be a one-parameter family of Legendre curves with the
curvature (m,n,L,M,N). Suppose that Φ : I˜×Λ˜→ I×Λ is a one-parameter family of parameter change. Then
(γ˜, ν˜) = (γ ◦ Φ, ν ◦ Φ) : I˜ × Λ˜→ ∆ is also a one-parameter family of Legendre curves with the curvature
m˜(s, k) = m(Φ(s, k))φs(s, k),
n˜(s, k) = n(Φ(s, k))φs(s, k),
L˜(s, k) = L(Φ(s, k))ϕ′(k),
M˜(s, k) = m(Φ(s, k))φk(s, k) +M(Φ(s, k))ϕ
′(k),
N˜(s, k) = n(Φ(s, k))φk(s, k) +N(Φ(s, k))ϕ
′(k).
If e : U → I × Λ is a pre-envelope, Eγ is an envelope, then Φ−1 ◦ e : U → I˜ × Λ˜ is a pre-envelope and Eγ is
also an envelope of (γ˜, ν˜).
Proof. Since γ˜s(s, k) = γt(Φ(s, k))φs(s, k) and γt(t, λ) · ν(t, λ) = 0 for all (t, λ) ∈ I × Λ, we have
γ˜s(s, k) · ν˜(s, k) = 0 for all (s, k) ∈ I˜ × Λ˜.
Therefore, (γ˜, ν˜) is a one-parameter family of Legendre curves. Then we have
m˜(s, k) = γ˜s(s, k) · µ˜(s, k) = γt(Φ(s, k))φs(s, k) · µ(Φ(s, k)) = m(Φ(s, k))φs(s, k),
n˜(s, k) = ν˜s(s, k) · µ˜(s, k) = νt(Φ(s, k))φs(s, k) · µ(Φ(s, k)) = n(Φ(s, k))φs(s, k),
L˜(s, k) = γ˜k(s, k) · ν˜(s, k) = (γt(Φ(s, k))φk(s, k) + γλ(Φ(s, k))ϕ′(k)) · ν(Φ(s, k))
= L(Φ(s, k))ϕ′(k),
M˜(s, k) = γ˜k(s, k) · µ˜(s, k) = (γt(Φ(s, k))φk(s, k) + γλ(Φ(s, k))ϕ′(k)) · µ(Φ(s, k))
= m(Φ(s, k))φk(s, k) +M(Φ(s, k))ϕ
′(k),
N˜(s, k) = ν˜k(s, k) · µ˜(s, k) = (νt(Φ(s, k))φk(s, k) + νλ(Φ(s, k))ϕ′(k)) · µ(Φ(s, k))
= n(Φ(s, k))φk(s, k) +N(Φ(s, k))ϕ
′(k).
By the form of the diffeomorphism Φ(s, k) = (φ(s, k), ϕ(k)), Φ−1 : I × Λ → I˜ × Λ˜ is given by the form
Φ−1(t, λ) = (ψ(t, λ), ϕ−1(λ)). It follows that Φ−1 ◦ e(u) = (ψ(t(u), λ(u)), ϕ−1(λ(u))). Since
(d/du)ϕ−1(λ(u)) = ϕ−1λ (λ(u))λ
′(u),
the variability condition holds. Moreover, we have
γ˜k(s, k) · ν˜(s, k) = (γt(Φ(s, k))φk(s, k) + γλ(Φ(s, k))ϕ′(k)) · ν(Φ(s, k)) = ϕ′(k)γλ(Φ(s, k)) · ν(Φ(s, k)).
It follows that
γ˜k(ϕ
−1 ◦ e(u)) · ν˜(ϕ−1 ◦ e(u)) = ϕ′(ϕ−1(λ(u)))γλ(e(u)) · ν(e(u)) = 0 for all u ∈ U.
By Theorem 3.3, Φ−1 ◦ e is a pre-envelope of (γ˜, ν˜). Therefore, γ˜ ◦Φ−1 ◦ e = γ ◦Φ ◦Φ−1 ◦ e = γ ◦ e = Eγ is also
an envelope of (γ˜, ν˜).
Definition 3.8. Let (γ, ν) : I × Λ → ∆ be a one-parameter family of Legendre curves, we define the parallel
curves of the one-parameter family of Legendre curves by
γθ(t, λ) = cos θγ(t, λ)− sin θν(t, λ), νθ(t, λ) = sin θγ(t, λ) + cos θν(t, λ). (3.1)
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Proposition 3.9. Let (γ, ν) : I × Λ → ∆ be a one-parameter family of Legendre curves with the curvature
(m,n,L,M,N), then (γθ, νθ) : I ×Λ→ ∆ is also a one-parameter family of Legendre curves with the curvature
mθ(t, λ) = cos θm(t, λ)− sin θn(t, λ), nθ(t, λ) = sin θm(t, λ) + cos θn(t, λ),
Lθ(t, λ) = L(t, λ), Mθ(t, λ) = cos θM(t, λ)− sin θN(t, λ), Nθ(t, λ) = sin θM(t, λ) + cos θN(t, λ).
If e : U → I × Λ is a pre-envelope of (γ, ν), then e : U → I × Λ is also a pre-envelope of (γθ, νθ). Moreover,
we have (Eθγ(u), E
θ
ν(u)) = (Eγθ (u), Eνθ (u)) for all u ∈ U , where (Eθγ , Eθν) is parallel curve of (Eγ , Eν) and
(Eγθ , Eγθ ) = (γ
θ ◦ e, νθ ◦ e).
Proof. Since (γ, ν) : I × Λ → ∆ is a one-parameter family of Legendre curves, γt(t, λ) · ν(t, λ) = 0 for all
(t, λ) ∈ I × Λ. It follows that γθt (t, λ) · νθ(t, λ) = 0 for all (t, λ) ∈ I × Λ. Thus (γθ, νθ) : I × Λ → ∆ is also a
one-parameter family of Legendre curves. By definition,
µθ(t, λ) = γθ(t, λ)× νθ(t, λ) = (cos θγ(t, λ)− sin θν(t, λ))× (sin θγ(t, λ) + cos θν(t, λ)) = µ(t, λ).
Therefore, we have
mθ(t, λ) = γθt (t, λ) · µθ(t, λ) = cos θm(t, λ)− sin θn(t, λ),
nθ(t, λ) = νθt (t, λ) · µθ(t, λ) = sin θm(t, λ) + cos θn(t, λ),
Lθ(t, λ) = γθλ(t, λ) · νθ(t, λ) = L(t, λ),
Mθ(t, λ) = γθλ(t, λ) · µθ(t, λ) = cos θM(t, λ)− sin θN(t, λ),
Nθ(t, λ) = γθλ(t, λ) · µθ(t, λ) = sin θM(t, λ) + cos θN(t, λ).
Since e : U → I × Λ is a pre-envelope of (γ, ν), we have γλ(e(u)) · ν(e(u)) = 0 for all u ∈ U . It follows that
γθλ(e(u)) ·νθ(e(u)) = 0 for all u ∈ U . Thus e : U → I×Λ is a pre-envelope of (γθ, νθ) by Theorem 3.3. Moreover,
Eθγ(u) = cos θEγ(u)− sin θEν(u) = cos θγ ◦ e(u)− sin θν ◦ e(u),
Eθν(u) = sin θEγ(u) + cos θEν(u) = sin θγ ◦ e(u) + cos θν ◦ e(u),
Eγθ (u) = γ
θ ◦ e(u) = (cos θγ − sin θν) ◦ e(u) = cos θγ ◦ e(u)− sin θν ◦ e(u),
Eνθ (u) = ν
θ ◦ e(u) = (sin θγ + cos θν) ◦ e(u) = sin θγ ◦ e(u) + cos θν ◦ e(u).
Thus, we have (Eθγ(u), E
θ
ν(u)) = (Eγθ (u), Eνθ (u)) for all u ∈ U .
In [10], the evolute of the spherical Legendre curve is defined. Now, we define the evolute of a one-parameter
family of Legendre curves in the unit sphere bundle.
Definition 3.10. Let (γ, ν) : I × Λ → ∆ be a one-parameter family of Legendre curves with the curvature
(m,n,L,M,N). Suppose that (m(t, λ), n(t, λ)) 6= (0, 0) for all (t, λ) ∈ I × Λ. We define the evolute of the
one-parameter family of Legendre curves (γ, ν) by
E(γ)(t, λ) = ± n(t, λ)√
m2(t, λ) + n2(t, λ)
γ(t, λ)∓ m(t, λ)√
m2(t, λ) + n2(t, λ)
ν(t, λ). (3.2)
Proposition 3.11. Let (γ, ν) : I × Λ → ∆ be a one-parameter family of Legendre curves with the
curvature (m,n,L,M,N). Suppose that (m(t, λ), n(t, λ)) 6= (0, 0), for all (t, λ) ∈ I × Λ. Then the evolute
(E(γ),µ) : I × Λ → ∆ of (γ, ν) is also a one-parameter family of Legendre curves with the curvature
(mE , nE , LE ,ME , NE), where
mE(t, λ) =
mtn−mnt
m2 + n2
(t, λ), nE(t, λ) = ±
√
m2 + n2(t, λ),
LE(t, λ) = ±nM −mN√
m2 + n2
(t, λ), ME(t, λ) =
mλn−mnλ − L(m2 + n2)
m2 + n2
(t, λ), NE(t, λ) = ±mM + nN√
m2 + n2
(t, λ).
If e : U → I×Λ is a pre-envelope of (γ, ν) and (nM−mN)◦ (e(u)) = 0 for all u ∈ U , then e : U → I×Λ is also
a pre-envelope of (E(γ),µ). Moreover, we have EE(γ)(u) = EEγ (u) for all u ∈ U , where EE(γ) is the envelope of
E(γ), EEγ is the evolute of Eγ .
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Proof. Since (γ, ν) : I × Λ → ∆ is a one-parameter family of Legendre curves and {γ(t, λ), ν(t, λ),µ(t, λ)}
is a moving frame along the frontal γ(t, λ), we have E(γ)(t, λ) · µ(t, λ) = 0, Et(γ)(t, λ) · µ(t, λ) = 0 for all
(t, λ) ∈ I × Λ. Therefore (E(γ),µ) : I × Λ → ∆ is a one-parameter family of Legendre curves. We denote
(γE , νE) = (E(γ),µ). By definition
µE(t, λ) = γE(t, λ)× νE(t, λ) = ∓ m(t, λ)√
m2(t, λ) + n2(t, λ)
γ(t, λ)∓ n(t, λ)√
m2(t, λ) + n2(t, λ)
ν(t, λ).
Thus
mE(t, λ) = γE t(t, λ) · µE(t, λ) =
mtn−mnt
m2 + n2
(t, λ),
nE(t, λ) = νE t(t, λ) · µE(t, λ) = ±
√
m2 + n2(t, λ),
LE(t, λ) = γEλ(t, λ) · νE(t, λ) = ±
nM −mN√
m2 + n2
(t, λ),
ME(t, λ) = γEλ(t, λ) · µE(t, λ) =
mλn−mnλ − L(m2 + n2)
m2 + n2
(t, λ),
NE(t, λ) = νEλ(t, λ) · µE(t, λ) = ±
mM + nN√
m2 + n2
(t, λ).
Since (nM −mN) ◦ (e(u)) = 0 for all u ∈ U , we have
E(γ)λ(e(u)) · µ(e(u)) = ±nM −mN√
m2 + n2
◦ e(u) = 0.
By Theorem 3.3, e : U → I × Λ is a pre-envelope of (E(γ),µ). The envelope of E(γ) is given by
EE(γ)(u) = E(γ) ◦ e(u) =
(
± m√
m2 + n2
γ ∓ n√
m2 + n2
ν
)
◦ e(u)
= ± m√
m2 + n2
(e(u))γ(e(u))∓ n√
m2 + n2
(e(u))ν(e(u)).
On the other hand, by Proposition 3.2, the evolute of Eγ is given by
EEγ (u) =±
mEγ (u)√
m2Eγ (u) + n
2
Eγ
(u)
Eγ(u)∓
nEγ (u)√
m2Eγ (u) + n
2
Eγ
(u)
Eν(u)
=± t
′m+ λ′M√
(t′m+ λ′M)2 + (t′n+ λ′N)2
(e(u))γ(e(u))∓ t
′n+ λ′N√
(t′m+ λ′M)2 + (t′n+ λ′N)2
(e(u))ν(e(u)).
Since (nM −mN)(e(u)) = 0 for all u ∈ U , we have
(t′m+ λ′M)2(m2 + n2)(e(u)) = m2((t′m+ λ′M)2 + (t′n+ λ′N)2)(e(u)),
(t′n+ λ′N)2(m2 + n2)(e(u)) = n2((t′m+ λ′M)2 + (t′n+ λ′N)2)(e(u)).
Then
t′m+ λ′M√
(t′m+ λ′M)2 + (t′n+ λ′N)2
(e(u)) =
m√
m2 + n2
(e(u)),
t′n+ λ′N√
(t′m+ λ′M)2 + (t′n+ λ′N)2
(e(u)) =
n√
m2 + n2
(e(u)).
Thus, we have EE(γ)(u) = EEγ (u) for all u ∈ U .
4. Relationships among envelopes of Legendre curves in the spherical bundle over the unit sphere
and the unit tangent bundle over the Euclidean plane
We first recall the definition of the envelope of a one-parameter family of Legendre curves in the unit tangent
bundle over the Euclidean plane. For more detailed descriptions see [11].
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Let (γ, ν) : I×Λ→ R2×S1 be a smooth mapping. We say that (γ, ν) is a one-parameter family of Legendre
curves if γt(t, λ) · ν(t, λ) = 0 for all (t, λ) ∈ I × Λ.
We denote J(a) = (−a2, a1) the anticlockwise rotation by pi/2 of a vector a = (a1, a2). We define µ(t, λ) =
J(ν(t, λ)). Since {ν(t, λ),µ(t, λ)} is a moving frame along γ(t, λ) on R2, we have the Frenet type formula.(
νt(t, λ)
µt(t, λ)
)
=
(
0 `(t, λ)
−`(t, λ) 0
)(
ν(t, λ)
µ(t, λ)
)
,(
νλ(t, λ)
µλ(t, λ)
)
=
(
0 m(t, λ)
−m(t, λ) 0
)(
ν(t, λ)
µ(t, λ)
)
,
γt(t, λ) = β(t, λ)µ(t, λ),
where `(t, λ) = νt(t, λ) · µ(t, λ), m(t, λ) = νλ(t, λ) · µ(t, λ) and β(t, λ) = γt(t, λ) · µ(t, λ). By the integrability
condition νtλ(t, λ) = νλt(t, λ), ` and m satisfy the condition `λ(t, λ) = mt(t, λ) for all (t, λ) ∈ I × Λ. We call
the triple (`,m, β) are the curvature of the one-parameter family of Legendre curves (γ, ν).
Let (γ, ν) : I × Λ → R2 × S1 be a one-parameter family of Legendre curves with the curvature (`,m, β)
and let e : U → I × Λ, e(u) = (t(u), λ(u)) be a smooth curve, where U is an interval of R. We denote
Eγ = γ ◦ e : U → R2, Eγ(u) = γ ◦ e(u) and Eν = ν ◦ e : U → R2, Eν(u) = ν ◦ e(u).
We call Eγ an envelope (and e a pre-envelope) for the one-parameter family of Legendre curves
(γ, ν) : I × Λ→ R2 × S1, when the following conditions satisfy.
(i) The function λ is non-constant on any non-trivial subinterval of U . (The Variability Condition.)
(ii) For all u, the curve Eγ is tangent at u to the curve γ(t, λ) at the parameter (t(u), λ(u)), meaning that
the tangent vectors E′γ(u) = (dE/du)(u) and µ(t(u), λ(u)) are linearly dependent. (The Tangency Condition.)
We consider relationships among envelopes of Legendre curves in the spherical bundle over the unit sphere
and the unit tangent bundle over the Euclidean plane. We denote a hemisphere S+ = {(x, y, z) ∈ S2 | z > 0}.
Now we consider the central projection φ : S+ → R2 by
φ(x, y, z) =
(x
z
,
y
z
)
.
Proposition 4.1. Let (γ, ν) : I × Λ → ∆ be a one-parameter family of Legendre curves with the curvature
(m,n,L,M,N) and γ(I×Λ) ⊂ S+. We denote γ(t, λ) = (x(t, λ), y(t, λ), z(t, λ)), ν(t, λ) = (a(t, λ), b(t, λ), c(t, λ)).
Suppose that (a(t, λ), b(t, λ)) 6= (0, 0) for all (t, λ) ∈ I × Λ. Then (γ˜, ν˜) : I × Λ → R2 × S1 is a one-parameter
family of Legendre curves with the curvature (˜`, m˜, β˜), where
γ˜(t, λ) = φ ◦ γ(t, λ) =
(
x(t, λ)
z(t, λ)
,
y(t, λ)
z(t, λ)
)
, ν˜(t, λ) =
1√
a2(t, λ) + b2(t, λ)
(a(t, λ), b(t, λ)),
˜`(t, λ) = nz
a2 + b2
(t, λ), m˜(t, λ) =
Nz
a2 + b2
(t, λ), β˜(t, λ) =
mz2 + (xb− ya)zt
z2
√
a2 + b2
(t, λ).
Proof. Since (γ, ν) : I × Λ → ∆ is a one-parameter family of Legendre curves in the unit spherical bundle, we
have γ(t, λ) · ν(t, λ) = 0, γt(t, λ) · ν(t, λ) = 0 for all (t, λ) ∈ I × Λ. It follows that
x(t, λ)at(t, λ) + y(t, λ)bt(t, λ) + z(t, λ)ct(t, λ) = 0.
By definition, we have
µ(t, λ) = γ(t, λ)× ν(t, λ)
= (y(t, λ)c(t, λ)− z(t, λ)b(t, λ), z(t, λ)a(t, λ)− x(t, λ)c(t, λ), x(t, λ)b(t, λ)− y(t, λ)a(t, λ)).
By a direct calculation, we have
m(t, λ) = γt(t, λ) · µ(t, λ) = −xtb+ yta
z
(t, λ),
n(t, λ) = νt(t, λ) · µ(t, λ) = −atb+ bta
z
(t, λ),
N(t, λ) = νλ(t, λ) · µ(t, λ) = −aλb+ bλa
z
(t, λ).
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By the assumption (a(t, λ), b(t, λ)) 6= (0, 0), ν˜ : I × Λ→ S1 is a smooth mapping. Moreover, we have
γ˜t(t, λ) = (xt(t, λ)z(t, λ)− x(t, λ)zt(t, λ), yt(t, λ)z(t, λ)− y(t, λ)zt(t, λ))/z2(t, λ) and γ˜t(t, λ) · ν˜(t, λ) = 0.
Therefore (γ˜, ν˜) : I × Λ→ R2 × S1 is a one-parameter family of Legendre curves.
By definition, we have µ˜(t, λ) = J(ν˜(t, λ)) = (−b(t, λ), a(t, λ))/√a2(t, λ) + b2(t, λ) and the curvature
˜`(t, λ) = ν˜t(t, λ) · µ˜(t, λ) = −atb+ bta
a2 + b2
(t, λ) =
nz
a2 + b2
(t, λ),
m˜(t, λ) = ν˜λ(t, λ) · µ˜(t, λ) = −aλb+ bλa
a2 + b2
(t, λ) =
Nz
a2 + b2
(t, λ),
β˜(t, λ) = γ˜t(t, λ) · µ˜(t, λ) = (−xtb+ yta)z + (xb− ya)zt
z2
√
a2 + b2
(t, λ) =
mz2 + (xb− ya)zt
z2
√
a2 + b2
(t, λ).
Proposition 4.2. Under the same assumptions in Proposition 4.1, suppose that e : U → I×Λ is a pre-envelope
of (γ, ν) and Eγ : U → S2 is an envelope. Then e : U → I×Λ is also a pre-envelope of (γ˜, ν˜) : I×Λ→ R2×S1.
Moreover, we have Eγ˜(u) = E˜γ(u) for all u ∈ U , where Eγ˜ = γ˜ ◦ e and E˜γ = φ ◦ Eγ .
Proof. Since (γ, ν) : I × Λ→ ∆ is a one-parameter family of Legendre curves in the unit spherical bundle and
e : U → I ×Λ is a pre-envelope of (γ, ν), we have γ(t, λ) · ν(t, λ) = 0 for all (t, λ) ∈ I ×Λ, γλ(e(u)) · ν(e(u)) = 0
for all u ∈ U . It follows that
(a(t, λ)(xλ(t, λ)z(t, λ)− x(t, λ)zλ(t, λ)) + b(t, λ)(yλ(t, λ)z(t, λ)− y(t, λ)zλ(t, λ))) ◦ e(u) = 0.
Then we have γ˜λ(e(u)) · ν˜(e(u)) = 0 for all u ∈ U . Therefore e : U → I ×Λ is a pre-envelope of (γ˜, ν˜) (cf. [11]).
Moreover, we have Eγ˜(u) = γ˜ ◦ e(u) = φ ◦ γ ◦ e(u) = φ(Eγ(u)) = E˜γ(u) for all u ∈ U .
Conversely, we have the following results.
Proposition 4.3. Let (γ˜, ν˜) : I×Λ→ R2×S1 be a one-parameter family of Legendre curves with the curvature
(˜`, m˜, β˜). We denote γ˜(t, λ) = (x(t, λ), y(t, λ)), ν˜(t, λ) = (a(t, λ), b(t, λ)). Then (γ, ν) : I × Λ → ∆ ⊂ S+ × S2
is a one-parameter family of Legendre curves in the unit spherical bundle with the curvature (m,n,L,M,N),
where
γ(t, λ) = φ−1 ◦ γ˜(t, λ) = (x, y, 1)√
1 + x2 + y2
(t, λ), ν(t, λ) =
(a, b,−xa− yb)√
1 + (xa+ yb)2
(t, λ),
m(t, λ) =
β˜ + (ytx− xty)(xa+ yb)
(1 + x2 + y2)
√
1 + (xa+ yb)2
(t, λ), n(t, λ) =
˜`√1 + x2 + y2
1 + (xa+ yb)2
(t, λ),
L(t, λ) =
xλa+ yλb√
1 + x2 + y2
√
1 + (xa+ yb)2
(t, λ), M(t, λ) =
(yλx− xλy)(xa+ yb) + yλa− xλb
(1 + x2 + y2)
√
1 + (xa+ yb)2
(t, λ),
N(t, λ) =
m˜(1 + x2 + y2) + (xλa+ yλb)(xb− ya)√
1 + x2 + y2(1 + (xa+ yb)2)
(t, λ).
Proof. Since (γ˜, ν˜) : I × Λ→ R2 × S1 is a one-parameter family of Legendre curves, then we have
γ˜t(t, λ) · ν˜(t, λ) = (xta+ ytb)(t, λ) = 0 for all (t, λ) ∈ I × Λ.
By the definition, µ˜(t, λ) = J(ν˜(t, λ)) = (−b(t, λ), a(t, λ)). It follows that
˜`(t, λ) = (−atb+ abt)(t, λ), β˜(t, λ) = (−xtb+ yta)(t, λ), m˜(t, λ) = (−aλb+ abλ)(t, λ).
By a direct calculation, we have
γt(t, λ) =
1
1 + x2 + y2
((1 + y2)xt − xyyt, (1 + x2)yt − xxty,−xxt − yyt)(t, λ).
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Then γ(t, λ) · ν(t, λ) = 0 and γt(t, λ) · ν(t, λ) = 0 for all (t, λ) ∈ I × Λ. Therefore (γ, ν) : I × Λ → ∆ is a
one-parameter family of Legendre curves in the unit spherical bundle. By definition, µ(t, λ) is given by
µ(t, λ) = γ(t, λ)× ν(t, λ) = (−xya− (1 + y
2)b, (1 + x2)a+ xyb, xb− ya)√
(1 + x2 + y2)(1 + (xa+ yb)2)
(t, λ).
By a direct calculation, we have the curvature (m,n,L,M,N) of (γ, ν).
Proposition 4.4. Under the same assumptions in Proposition 4.3, suppose that e : U → I × Λ is a
pre-envelope of (γ˜, ν˜) and Eγ˜ : U → R2 is an envelope. Then e : U → I × Λ is also a pre-envelope of
(γ, ν) : I × Λ→ ∆ ⊂ S+ × S2. Moreover, we have φ−1 ◦ Eγ˜(u) = Eγ(u) for all u ∈ U .
Proof. Since e : U → I × Λ is a pre-envelope of (γ˜, ν˜), we have γ˜λ(e(u)) · ν˜(e(u)) = 0 for all u ∈ U (cf. [11]). It
follows that
(xλ(t, λ) · a(t, λ) + yλ(t, λ) · b(t, λ)) ◦ e(u) = 0.
By a direct calculation, we have γλ(e(u)) · ν(e(u)) = 0 for all u ∈ U . By Theorem 3.3, e : U → I × Λ is a
pre-envelope of (γ, ν). Moreover, we have φ−1 ◦ Eγ˜(u) = φ−1 ◦ γ˜ ◦ e(u) = γ ◦ e(u) = Eγ(u) for all u ∈ U .
Also, we consider the canonical projection pi : S+ → D2 ⊂ R2 by pi(x, y, z) = (x, y), where
D2 = {(x, y) ∈ R2 | x2 + y2 < 1}.
Proposition 4.5. Let (γ, ν) : I × Λ → ∆ be a one-parameter family of Legendre curves in the unit spherical
bundle with the curvature (m,n,L,M,N) and γ(I × Λ) ⊂ S+. We denote γ(t, λ) = (x(t, λ), y(t, λ), z(t, λ)) and
ν(t, λ) = (a(t, λ), b(t, λ), c(t, λ)). Then (γ˜, ν˜) : I × Λ → D2 × S1 is a one-parameter family of Legendre curves
in the unit tangent bundle over the Euclidean plane with the curvature (˜`, m˜, β˜), where
γ˜(t, λ) = pi ◦ γ(t, λ) = (x(t, λ), y(t, λ)), ν˜(t, λ) = (za− xc, zb− yc)√
(za− xc)2 + (zb− yc)2 (t, λ),˜`(t, λ) = nz + xyt − xty
(za− xc)2 + (zb− yc)2 (t, λ), m˜(t, λ) =
Nz + xyλ − xλy
(za− xc)2 + (zb− yc)2 (t, λ),
β˜(t, λ) =
m− (xb− ya)zt√
(za− xc)2 + (zb− yc)2 (t, λ).
Proof. If z(t, λ)a(t, λ)− x(t, λ)c(t, λ) = 0 and z(t, λ)b(t, λ)− y(t, λ)c(t, λ) = 0, then
a(t, λ) = x(t, λ)c(t, λ)/z(t, λ) and b(t, λ) = y(t, λ)c(t, λ)/z(t, λ).
Since ν(t, λ) ∈ S2, we have c2(t, λ) = z2(t, λ) and hence c(t, λ) = ±z(t, λ). It follows that
a(t, λ) = ±x(t, λ) and b(t, λ) = ±y(t, λ).
This contradicts the fact that γ(t, λ) · ν(t, λ) = 0 for all (t, λ) ∈ I × Λ. Hence ν˜ : I × Λ → S1 is a smooth
mapping. By (xta+ ytb+ ztc)(t, λ) = 0 and (xtx+ yty + ztz)(t, λ) = 0, we have
γ˜t(t, λ) · ν˜(t, λ) = 0 for all (t, λ) ∈ I × Λ.
Therefore (γ˜, ν˜) : I × Λ → D2 × S1 is a one-parameter family of Legendre curves. By a similar calculation as
in Proposition 4.1, we have the curvature (˜`, m˜, β˜) of (γ˜, ν˜).
Proposition 4.6. Under the same assumptions in Proposition 4.5, suppose that e : U → I×Λ is a pre-envelope
of (γ, ν) and Eγ : U → S2 is an envelope. Then e : U → I×Λ is also a pre-envelope of (γ˜, ν˜) : I×Λ→ D2×S1.
Moreover, we have Eγ˜(u) = E˜γ(u) for all u ∈ U , where Eγ˜ = γ˜ ◦ e and E˜γ = pi ◦ Eγ .
Proof. Since e : U → I × Λ is a pre-envelope of (γ, ν), we have γλ(e(u)) · ν(e(u)) = 0 for all u ∈ U . It follows
that
(xλ(t, λ)(a(t, λ)z(t, λ)− x(t, λ)c(t, λ)) + yλ(t, λ)(b(t, λ)z(t, λ)− y(t, λ)c(t, λ))) ◦ e(u) = 0.
By a direct calculation, we have γ˜λ(e(u)) · ν˜(e(u)) = 0 for all u ∈ U . Therefore e : U → I × Λ is a pre-envelope
of (γ˜, ν˜) (cf. [11]). Moreover, we have Eγ˜(u) = γ˜ ◦ e(u) = pi ◦ γ ◦ e(u) = pi(Eγ(u)) = E˜γ(u) for all u ∈ U .
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Conversely, we have the following results.
Proposition 4.7. Let (γ˜, ν˜) : I×Λ→ D2×S1 be a one-parameter family of Legendre curves with the curvature
(˜`, m˜, β˜). We denote
γ˜(t, λ) = (x(t, λ), y(t, λ)), ν˜(t, λ) = (a(t, λ), b(t, λ)).
Then we have (γ, ν) : I × Λ→ ∆ ⊂ S+ × S2 is a one-parameter family of Legendre curves, where
γ(t, λ) = pi−1 ◦ γ˜(t, λ) = (x(t, λ), y(t, λ) z(t, λ)),
ν(t, λ) =
1√
1− (xa+ yb)2 (a− x(xa− yb), b− y(xa− yb),−z(xa+ yb))(t, λ).
Here we put z(t, λ) =
√
1− x(t, λ)2 − y(t, λ)2.
Proof. Since γ˜(t, λ) · γ˜(t, λ) < 1 and ν˜(t, λ) · ν˜(t, λ) = 1, we have x(t, λ)a(t, λ) + y(t, λ)b(t, λ) < 1 for all
(t, λ) ∈ I ×Λ. Therefore ν : I ×Λ→ S2 is a smooth mapping. By the same argument as in Proposition 4.5, we
have ˜`(t, λ) = −at(t, λ)b(t, λ) + a(t, λ)bt(t, λ),
β˜(t, λ) = −xt(t, λ)b(t, λ) + yt(t, λ)a(t, λ),
m˜(t, λ) = −aλ(t, λ)b(t, λ) + a(t, λ)bλ(t, λ).
Since
γt(t, λ) =
(
xt(t, λ), yt(t, λ),−x(t, λ)xt(t, λ)− y(t, λ)yt(t, λ)
z(t, λ)
)
, x2(t, λ) + y2(t, λ) + z2(t, λ) = 1,
we have γ(t, λ) ·ν(t, λ) = 0 and γt(t, λ) ·ν(t, λ) = 0 for all (t, λ) ∈ I×Λ. Therefore (γ, ν) : I×Λ→ ∆ ⊂ S+×S2
is a one-parameter family of Legendre curves.
Remark 4.8. We can detect to the curvature (m,n,L,M,N) of (γ, ν) in Proposition 4.7. However, the
description is a little bit long, we omit it.
Proposition 4.9. Under the same assumptions in Proposition 4.7, suppose that e : U → I × Λ is a
pre-envelope of (γ˜, ν˜) and Eγ˜ : U → R2 is an envelope. Then e : U → I × Λ is also a pre-envelope of
(γ, ν) : I × Λ→ ∆ ⊂ S+ × S2. Moreover, we have pi−1 ◦ Eγ˜(u) = Eγ(u) for all u ∈ U .
Proof. Since e : U → I × Λ is a pre-envelope of (γ˜, ν˜), we have γ˜λ(e(u)) · ν˜(e(u)) = 0 for all u ∈ U (cf. [11]). It
follows that
(xλ(t, λ) · a(t, λ) + yλ(t, λ) · b(t, λ)) ◦ e(u) = 0.
By a direct calculation, we have γλ(e(u)) · ν(e(u)) = 0 for all u ∈ U . By Theorem 3.3, e : U → I × Λ is a
pre-envelope of (γ, ν). Moreover, we have pi−1 ◦ Eγ˜(u) = pi−1 ◦ γ˜ ◦ e(u) = γ ◦ e(u) = Eγ(u) for all u ∈ U .
5. Examples
Example 5.1. Let (γ, ν) : [0, 2pi)× [0, 2pi)→ ∆,
γ(t, θ) =
(
cos θ(
3
4
cos t− 1
4
cos 3t)−
√
3
2
sin θ cos t,
3
4
sin t− 1
4
sin 3t,
√
3
2
cos θ cos t+ sin θ(
3
4
cos t− 1
4
cos 3t)
)
,
ν(t, θ) =
(
cos θ(−3
4
sin t− 1
4
sin 3t)−
√
3
2
sin θ sin t,
3
4
cos t+
1
4
cos 3t,
√
3
2
cos θ sin t− sin θ(3
4
sin t+
1
4
sin 3t)
)
.
Then (γ, ν) is a one-parameter family of Legendre curves. By definition
µ(t, θ) =γ(t, θ)× ν(t, θ)
=
(
−3
√
3
4
cos θ cos2 t−
√
3
8
cos θ cos 2t+
3
√
3
8
cos θ − 1
2
sin θ,−
√
3 sin t cos t,
− 3
√
3
4
sin θ cos2 t−
√
3
8
sin θ cos 2t+
3
√
3
8
sin θ +
1
2
cos θ
)
.
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Then the curvature is given by
m(t, θ) =
√
3
32
(96 sin t cos4 t− 54 sin t cos2 t+ 9 sin t cos t cos 3t− 33 sin 3t cos2 t− 20 sin t+ 12 sin 3t),
n(t, θ) =
√
3
8
(6 cos t cos 2t+ 5 cos t− 3 cos 3t),
L(t, θ) =
√
3 sin t cos t, M(t, θ) =
9
8
(2 cos2 t− 1)− 1
8
cos 3t, N(t, θ) =
3
4
sin t cos2 t+
1
16
sin 3t− 15
16
sin t.
If we take
e : [0, 2pi)→ [0, 2pi)× [0, 2pi),
e(u) = (0, u), (pi/2, u), (pi, u), (3pi/2, u),
then we got L(e(u)) = 0 for all u ∈ [0, 2pi). Thus, e are pre-envelopes of (γ, ν). Hence, the envelopes
Eγ : [0, 2pi)→ S2 are given by
Eγ = (1/2 cosu−
√
3/2 sinu, 0, 1/2 sinu+
√
3/2 cosu), (0, 1, 0),
(−1/2 cosu+
√
3/2 sinu, 0,−1/2 sinu−
√
3/2 cosu), (0,−1, 0),
see Figure 1.
Figure 1: The red curves are one-parameter family of Legendre curves (γ, ν). The black curve and the two black points are the
envelopes Eγ .
Example 5.2. Let n,m and k be natural numbers with m = k+n. We give a mapping (γ, ν) : R× [0, 2pi)→ ∆
by
γ(t, θ) =
1√
t2m + t2n + 1
(cos θ − tn sin θ, sin θ + tn cos θ, tm),
ν(t, θ) =
1√
k2t2m +m2t2k + n2
(ktm cos θ +mtk sin θ, ktm sin θ −mtk cos θ, n).
Then (γ, ν) : R× [0, 2pi)→ ∆ is a one-parameter family of Legendre curves. By definition,
µ(t, θ) =γ(t, θ)× ν(t, θ)
=
1√
t2m + t2n + 1
√
k2t2m +m2t2k + n2
(tn(mt2k + n) cos θ + (−kt2m + n) sin θ,
tn(mt2k + n) sin θ + (kt2m − n) cos θ,−kt2n+k −mtk).
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Then the curvature is given by
m(t, θ) = − t
n−1√k2t2m +m2t2k + n2
t2m + t2n + 1
, n(t, θ) =
mnktk−1
√
t2m + t2n + 1
k2t2m +m2t2k + n2
,
L(t, θ) = − mt
k + ktm+n√
t2m + t2n + 1
√
k2t2m +m2t2k + n2
, M(t, θ) =
−n√
k2t2m +m2t2k + n2
, N(t, θ) =
tm√
t2m + t2n + 1
.
If we take e : [0, 2pi) → R × [0, 2pi), e(u) = (0, u), then we got L(e(u)) = 0 for all u ∈ [0, 2pi). Thus, e is a
pre-envelope of (γ, ν). Hence, the envelope Eγ : [0, 2pi)→ S2 is given by Eγ(u) = (cosu, sinu, 0).
For example, when n = 2,m = 3, k = 1, then we have
γ(t, θ) =
1√
t6 + t4 + 1
(cos θ − t2 sin θ, sin θ + t2 cos θ, t3),
ν(t, θ) =
1√
t6 + 9t2 + 4
(t3 cos θ + 3t sin θ, t3 sin θ − 3t cos θ, 2).
By definition,
µ(t, θ) =γ(t, θ)× ν(t, θ)
=
1√
t6 + t4 + 1
√
t6 + 9t2 + 4
(t2(3t2 + 2) cos θ + (−t6 + 2) sin θ, t2(3t2 + 2) sin θ + (t6 − 2) cos θ,
− t5 − 3t).
Then the curvature is given by
m(t, θ) =
−t√t6 + 9t2 + 4
t6 + t4 + 1
, n(t, θ) =
6
√
t6 + t4 + 1
t6 + 9t2 + 4
,
L(t, θ) =
−t5 − 3t√
t6 + 9t2 + 4
√
t6 + t4 + 1
, M(t, θ) =
−2√
t6 + 9t2 + 4
, N(t, θ) =
t3√
t6 + t4 + 1
.
The envelope Eγ : [0, 2pi) → S2 is given by Eγ(u) = (cosu, sinu, 0), see Figure 2. The parallel curve of the
envelope Eγ(u) for λ = pi/6 is E
pi
6
γ (u) = (
√
3/2 cosu,
√
3/2 sinu,−1/2).
The parallel curves of (γ, ν) is
γ
pi
6 (t, θ) = cos
pi
6
γ(t, θ)− sin pi
6
ν(t, θ)
=
(√3(cos θ − t2 sin θ)
2
√
t6 + t4 + 1
− t
3 cos θ + 3t sin θ
2
√
t6 + 9t2 + 4
,
√
3(sin θ + t2 cos θ)
2
√
t6 + t4 + 1
− t
3 sin θ − 3t cos θ
2
√
t6 + 9t2 + 4
,
√
3t3
2
√
t6 + t4 + 1
− 1√
t6 + 9t2 + 4
)
.
Then the envelope of these parallel curves is given by E
γ
pi
6
(u) = (
√
3/2 cosu,
√
3/2 sinu,−1/2). Thus, we have
E
pi
6
γ (u) = Eγ
pi
6
(u) for all u ∈ U . Figure 3 put these curves in the one sphere.
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